
Math 4650

Topic 1a-

Derivation of real number[properties from field and

order properties



In thiseruptional topic I will show you

how we can use the field properties

(All-(AS),
(M1)-(MS), (D1)

and the order properties (01)-104)

to prove
various algebraic and order

properties of IR .

We will follow the discussion from

#din's"Principles of Mathematical Analysis"

Tem: Let x , y ,
zeR .

D If x + y = X + z,
then y = z .

② If x + y = X ,
then y = 0 .

&

7
inverses

② If x+ y = 0,
then y = -X <

3are

unique

Q - (- x) = X

⑤ If X &O and Xy = Xz ,
then y = z

then Y = /
,

⑧ If X 50 and Xy
= X,

⑦ If X*0
and Xy = 1 ,

then Y = X

⑧ If X# 0 then (x)" = x

⑨ Ox = 0

⑳ If X #0 and yo,
then Xy0



⑪(- x)y = - (xy) = x(-y)

(
- x)(- y) = xy

t:

① Suppose x +y = X + z
.

Then,

30
+ y =

( - x + x) + y =
- x + (x + y)

(A3)

(A4)
(AS) I

= - x + (x + z) = (- x + x) + z

= 0 + z = z

T
T

(AS) (A4)

-

② Plug z = 0 into part 1
.

-
③ Plug z = -X into part 1

.

-
① Since (-x) + X = 0

We can apply part 3 to get X = -(-X).

:You try ,
they are similar to D-

-
⑨ We have

0x = (0 + 0(X =
0x + 0x

↑ (D1)
(A4)



Then,
- 0x + 0x =

- 0x + (0x + 0x)

So by (AS) and (A3) we get

0 = (- 0x + 0x) + 0x

By (AS) we get

0 = 0 + 0x

By (A41 we get

FOith x0
and 3 70 .

Let's show this implies that xy #0 .

Suppose Xy
= 0 .

Then

1 = 1 . 1 F(
x(5y=

+
"(xy(y =

x (3x)y

(M2)

↑ (M3)

(M4/ (MS)
↑

=
(xy(xy) =

x y 0 = 0

(partG)
↑

(M3)

We get the
contradiction 1 = 0 .

~
an we must have xy0.



⑪ We have that

(-x(y + xy = (- x + x)y = 0350↑↑
(AS) (part G)

(D1)

Thus, by part 3 we get

( - x)y =
- (xy) .

Similarly

x( y) + xy
=

x( y + y) = x0 = 0

x(x(
-y) =

- (xy) .

⑫ We have that

(-x)(y) = - (x(-y)) = - ( (xy)) = xy
↑

↑ - (partG)
(par+ D)

#



Grem: Let X
, y EIR .

Then :

then-X < 0.

① If X 7 0
,

then - X70 .

② If X 10 ,

③ If X70 and YCt, then Xy < xz .

① If XC0
and Y7z,

then Xy<Xz .

⑮ If X to ,
then

X
> 0 .

- I

⑥ 1 O

⑦ If O < Xy ,
then

OcyX .

-

xo,
then

=

-X

0 =
- x + x)

- x + o

↓
↑ (03)

(AS)

Thus,
07 -X .

-
② If X <O

,
then

0 = - x + x( - x + 0 =
-X

↑
T

(03)
(AS)

Thus
,

0 < -X .



>Suppose X70 and y < z
.

Then,
z- y ) y

- y = 0

↑
(03)

So ,

z - y 70 .

Thus,
by(04) we get

X(z -y) > 0

So,
(A4)

xzxz + 0

= xz +- xy + xy)
↑
(AS)

= (xz
-xy) + xy

↑
(A3)

= x(z- y) + xY

↑
(D1)

> 0 + XY
↑

(03)

= XY
4)



2
Since yaz We have -y + ya -y + z = (0s)

So,
0 < Z-y = (A4) and (A2)

Then,

- (x(z-y(]f)- x)(z - y) > 0
↑

(04)

(
Thus,

X (z-y) <O by part I.
theorem

Su , Xz-Xy < 0 .

E (D1 and previous

xz - xy + xy<0 + xy = (03)

Thus ,

So,
xz + 0 < Xy = (A4 ,

AS)

<,
xz(xy .

= (A4)

⑤Suppose XF0.

If x 70 ,
then X . X)0 . 0 by (04) .

so it x0
,

then230·Evtheorem



If X <0
,

then-X70 by part 2.

Hence if - xar, then C-X)30.

But (-x)
2

= ( -X)(- x) = X2 by over .
this

Thus,
if X 0

,
then20 .

-

⑧ Plug X = 1 into part 5

to get that 10 -% (M4)

Thus,
170
-
⑦ Suppose OXY.

0 < Y

By(021
We know

We know yoy" = 1 O

Cart

Since 310
and yy" O We

must

have that y
"go by (04) .

Similarly
** 0 .

since
xzy

we
know(g) < y(x)

Thus,
(xx)y < y(yx) by (M3) .

So
,

1y"< (yy)x
+ by (M3 ,

Ms

- I

Thus
,

y < 1x
+ by (M4 ,

MS)



So
,

y"x" by (M1) .

Thus , OsyX.

-


